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Leibniz notoriously insisted that no two individsaiffer solo numerpthat is, by being
primitively distinct, without differing in some pperty. The details of Leibniz’'s own way
of understanding and defending the principle —knaagnthe principle of identity of
indiscernibles (henceforth ‘the Principle’)—is a ttea of much debate. However, in
contemporary metaphysics an equally notorious asclidsed issue relates to a case put
forward by Max Black (1952) as a counter-exampleaty necessary and non-trivial
version of the principle. Black asks us to imagivie, one of the fictional characters of
his dialogue, a world consisting solely of two cdetply resembling spheres, in a
relational space. The supporter of the principléhén forced to admit that although there
areex hypothesiwo objects in that universe, there is no propéggeept trivial ones), not
even relational ones, to distinguish them, and é¢he necessary version of the principle
is falsified.

In this essay | will argue that Black’s possiblerid, together with the dialectic

between the potential friends and foes of the Krieacas expounded by Black himself



and other authors, leads to paradox, which | vall the solo numergparadox’. That is
not to say, however, that Black’s world is itsetft possibleper se but that, apparently,
describing that world can never coherently settiedebate. | will offer a solution to the
paradox, based on a new version of the principlachy | will argue, is the weakest non-
trivial version offered so far, and should be atable by both sides of the debate as
close enough to the standard one. Black’s world @ shown to verify this new

principle.

1. Triviality and impurity

The Principle, stated in the most general formt Black takes as his target can be

formally expressed as follows:

(Plly) D[OxOyOP (Px = Py) O x=y]

That is: necessarily, for any individuaisndy, and any property P, xhas P if, and only

if y has P, then x and y are identical. Or, more inflyn if individuals x andy have

exactly the same properties, then they are iddn#icaounterexample to (Rl is then of

the following general form:

(C-Pll) O[CXTyOP (P = Py) & x2V]



Black’s two-sphere world is intended to verify (04, so to defend the principle is to
deny either the indiscernibility (the first conjuntn the above formula), or the
distinctness ok andy. Denying the second has not been without propenéan Hacking
1975), but it is part of the present hypothesid thare really aréwo spheres in that
world. Hence, the supporter of the principle is lidmged to come up with a
distinguishing property, i.e. a property such ih& not true that botlk andy has it.

The first option considered by Black, and discdssetensively by Douglas
Odegard (1964), is a so-called ‘identity-propértiike being identical to awhere &' is
a name referring to one of the spheres. It is agbgevirtually everyone in the debate that
such properties, to the extent that they can besidered properties to begin with,
trivialize the principle. Of coursdjeing identical to awill be a property that is not
instantiated byp, under the assumption that there are two sphemshat b’ is a name
for the sphere that is distinct from The problem is, as pointed out by several authors
(Black 1952, Odegard 1964, Robert Adams 1979, Bdrngatz 1983, Gonzalo
Rodriguez-Pereyra 2006), that allowing quantifeatiover such properties in (Bl
makes it trivial: to say that only has the property dfeing identical to as no different

in meaningfrom saying that and b are distinct, which was supposed to follow from

! Bernard Katz (1983) proposes the notioasic identity propertie@IPs) in an attempt to explicate
properties that trivialize P F is a BIP iff (1) it is possible thaix(Fx) and (2) it is necessary thak[y(Fx

& Fy ... x=Yy). Predicates expressing BIPs are called ‘BIP-pads’. According to Katz, then, a predicate
‘P’ expresses a trivializing property iff ‘P’ comts a BIP-predicate essentially or ‘P’ may be dadiin

terms of some predicate that does. The notion ademtity property used in this paper is to be usti®d
intuitively, as the property expressed by a praditiaat essentially involves (a) the relation @fritity and

(b) at least one particular, definite object agatatum. The two types of examples dreing identical to a
andbeing distinct from a



some claims regarding the properties instantiajetthé two spheres, not to be assumed at
the outset. So an argument for the principle basedonsidering such properties is both
question-begging and proves nothing but a triviatsion of it. Consequently, the
quantifier binding the predicate variable in ¢Plhas to be restricted to some subset of
properties, namely those that do not trivializeghaciple.

A more inclusive category of properties that Blamksiders is that of impure
properties. These are properties that essentrallylve the existence of particular objects.
Some of them are extrinsic relational, daging married to John Hawthornkving close
to the Eiffel TowerOthers are intrinsic relational, etftaving Jay Leno’s lower jaw as a
proper part One question is whether such properties triveatlze principle. Some argue
that they do (A. J. Ayer 1959: 26-35, Peter Forr2806), some that they don't
(Rodriguez-Pereyra 2006). We should first noticat impure propertiesn genera) do
not involve the danger of trivializing the prina@plConsider an asymmetric world, where
there are two intrinsically indiscernible spherethva distance of 5 meters between them,
and a cube, callea’, which is at 2 meters distance from one and 3ensefrom the other.
The property obeing 2 meters from is an impure property had by one of the spheres.
Yet, the fact that one can ascribe this propertpre variable without ascribing it to
another variable shows that one can safely moubdcexistential instantiation of these
variables by names, without any trivial assumptiorihe effect that there are two non-

coreferring namés

% The names will be synonymous with the expressitiesone that is two meters frochand ‘the one that
is 3 miles fronc'.



However, in the particular case of Black’'s unieeesy impure property has no
chance but to involve either one or the other ef tino spheres, hence, the problem in
that universe seems to be that existential instantiatein never be legitimately appealed
to. Existential instantiation is a valid inferencge only when the names that are used as
instantiating the quantified formula are introdugedcisely for the purpose of standing
for the particular thing, whatever it may be, thaakes the premise in quantified form
true. However, for Black’s universe such a stratesggot available. In that universe the
following formula is presented as true, and, conset]y, as a challenge to the supporter

of the principle:

(1) IXyOP (Px= Py) & xzy

Since the second conjunct is unavailable for emigikinstantiation for the supporter of
the principle, because it is supposed to be exgiain terms of some facts about the first
conjunct according to the principle, she has to edumw extract a property from the
conceived situation which would distinguish two exdig, a and b, e.g. by being
ascribable ta and not tab. But the problem is that the very meaning of thargified
formula IxCyOOP (Px = Py) is such that the supporter of the principle cavén begin
using two namesa' and ‘b, in a legitimate way; given the first conjunct mfemise (1),

the only legitimate way to apply existential ingtation to it is:



(2) OP (Ra= Pa)®

and not:

(3) OP (Pa= Ph)*

Black himself (1952: 156-7) appeals to such conmatilens, but it is even better

expressed by Odegard (1964: 205):

“But, using ‘A’ and ‘B’ to refer to thegivenparticulars is in effect an attempt
to use different names to refer to each of thenmewge which isex hypothesi
impossible because it contradicts the indiscertybicondition of the
hypothetical case. For, the successful use of réifte names in this case
presupposes the possibility of qualitatively digtirshing the given particulars,
i.e., the possibility of saying truly ‘A ighe particular which ...” and ‘B ishe
particular which ...". Andex hypothesithere are no possible grounds for so
distinguishing them. The exponent of the Principheist here prove the
discernibility of the given particulars, not assuiheand the use of different

names to refer to each of them simply assumes..i}.If, on the other hand,

% To be sure, (2) is logically incompatible with txistential instantiation oy, but that is cold comfort
for the supporter of the principle, for two reasqia$ because she is askedi&ivethe instantiation of£y,
not to assume it, and (b) if she can’t do that,itlcempatibility would rather force her to dexsy, which
is contrary to one of the suppositions of Blackistulated universe.

* Of course, (3) itself does not discerandb, but it can potentially serve as a premise foppses of a
reductiohaving as conclusion that (3) can't be true,thata andb are discernible after all.



‘A" and ‘B’ are not being used as different namasthis context, then they

must have something of the force of variablestnhases as in the original

So the supporter of the principle is left with tbkoice of either using the names
illegitimately, and hence beg the question, or $e them as disguised variables. The
second option is bad news for her because nowatieappeal to impure properties, e.g.
being at a nonzero distance fromvishich would distinguish the two spheres (siads
not at a nonzero distance froa), but can use only the pure versions entailedhay t
former, e.g.being at a nonzero distance from somethime impure versions can'’t
distinguish the spheres because it is true of Hwh '... is at a nonzero distance from

something and at no nonzero distance from itself’.

2. Paradox

| agree that this is all bad news for the suppastehe Principle, who appears ensnared
by her own theoretical commitments. However, if doeuses one’s attention on the
resources thepponentof the Principle might deploy in accounting foraBk’s universe,
paradox ensues. Informally, the paradox is theWalig. The opponent of the Principle,
as opposed to its supporter, is free and entittechtsume that the two objects are
primitively distinct, that is, diffesolo numeroSo a is distinct fromb’ seems to be an
unproblematic assertion on his part, as he canparsd by postulation, assume primitive
distinctness. But that assertion being primitivélye just means (i.e. biconditionally

implies) that the above mentioned impure propergagbeing at 5 meters distance from



b, are instantiated and will distinguish the two es@s. To be more precise, consider the
relation, D, ‘... is at a nonzero distance from ...velB though this relation holds
symmetrically betweea andb, still the impure versions of the unary relatiopedperties
that follow from D will be distinct properties, i,deing at a nonzero distance fronaad
being at a nonzero distance fromThis is so because for the opponent of the Ryiaci
(as opposed to the supporter of it) the namakand ‘b’ are not disguised variables. So
even if both individuals have the propertymaft being at a nonzero distance from itself
still the relational properties involving nonzerstdnce from the other given object(i.e.,
being at a nonzero distance fromaad being at a nonzero distance from) &re not
instantiated by both. Hence they are discernibig.iBthey are discernible, then they are
notsolo numerdifferent.

Now, for the formal version we will use some rukesd notation of lambda
calculus. Alambda abstractvill have as its general formA{)(E)’, where ‘v’ stands for a
variable, A’ stands for the lambda-operator, and ‘E’ is callégbe body of the
abstraction’. There are three rules that we wi#, esconversion ang-conversion, and
A-abstraction. a-conversion allows changing the names »ebound variables, i.e.
replacing each of them with an arbitrary nafe€onversion is the operation of applying
the function (i.e. the abstraction) to an argumdérg;result of such an operation is called
an ‘application’. The result gf-abstraction is a lambda abstract, and can be Hiaigs
extracting from a formula a singular term standimga property. To give some intuitive

examples, XX)(Rx2) is a-equivalent to Xy)(Ry2, and jn)(n+3)a -equivalent toa+3.



From a formula like, e.g[XRxy we can obtain by-abstraction Xx)(Rxy). Our first

premise is tha& andb are differensolo numero

(4)0P (Pa=Pb) & a#b

The second premise is:

(5) [OP (Pa= Pb) & a# b] 0 ~[(AX)(Dbx)(a) =a (AX)(Dax)(b)]

What proposition (5) asserts is tlemandb being differentsolo numeramplies that the
application toa of the propertyoeing at a nonzero distance fromsbnota-equivalent to
the application tdp of the propertypeing at a nonzero distance fromThe argument for

(5) would be the following:

Supposea # b. Consider the two objects in Black’s world beingaacertain nonzero
distance from each other. Thexx)(Dbx)(a) and px)(Dax)(b). Also: = (Ax)(Dbx)b, and
= (AxX)(Dax)a. The latter two formulae can be expressed (4eonversion, then\-
abstraction andi-conversion) asNz)(-Dz2a and pz)(-Dz3b. That is, the property of
not being at a nonzero distance from oneself iseshly both individuals. However,
since the given objects are assumed as primitidediinct, the former two properties,
involving the given particulars essentially, hawebe distinct as well, namely\X)(Dbx)

and Ax)(Dax). This means thaik)(Dbx)(a) and px)(Dax)(b) are nota-equivalent.



From (5) and the second conjunct of (4) it follotivat there is at least a property

that is not shared kyandb, hence they are neblo numerdlifferent:

(6) CP—(Pa= Ph) (4, 5)
(7) ~0OP (Fa= Pb) & a# b (6)

(8) O (5, 8)

So ifa andb are differensolo numerpthen they are not differeablo numero

The opponent of the Principle might try to findpeoperty abstract that would
apply to botha andb, such that it would somehow contain the two prgpabstracts
present in the consequent of (5), but would notdaicible to them. If there were, e.g.,
an irreducibly disjunctive property having as dmjts Dox and Dax, and shared bg and
b, then the problematic impure propertiesx)(Dbx) and Ax)(Dax) would not be
applicable outside that disjunction to the givereots. The problem is that a property
abstract like Xx)(Dbx [0 Dax), although applicable to both objects, it is mogducibly
disjunctive, given that it is known that neithertbe objects instantiatesx® In other
words, Ax)(Dbx [0 Dax)(a) is reducible to Xx)(Dbx)(a); mutatis mutandigor b. Hence,
the implication in (5) holds just as before.

Another strategy could be to find a so-called taaby objectz (also called
‘indefinite object’ in the literature) such thatge a has the property of being tlesuch
that z has the property of being either at a nonzercades#t froma or from b, that is:

(A2[(Au)(Dbu O Dau)(2)](a). And, of coursemutatis mutandigor b. Now, sincez is an

10



arbitrary object (e.g. whatever is denoted by faesp’, or ‘one of the spheres’ in the two-
sphere universe) the body of theabstract binding is irreducibly disjunctive. In other
words, Qu)(Dbu O Dau)(z) is not reducible to eitherA@)(Dbu)(z) or (A\u)(Dau)(2).
However, as pointed out by Kit Fine (1983: 6B}conversion fails in the case of
disjunctions as applied to arbitrary objects. Mprecisely, the rule of disjunction is not
applicable to arbitrary objects in any direct w&gpnsider an arbitrary natural number.
The range of the arbitrary object is the set otirdtnumbers. Some are odd, some are
even. So we can assert that the arbitrary objectidsor even. But an arbitrary natural
number is not even, and it is not odd. So the didjan rule (i.e. that a disjunction is true
iff some of its disjuncts is true) faifsHence, as applied to our casd(A2)[(Au)(Dbu O

Dau)(2)](a) =g (Au)(Dbu [ Dau)(a)].

3. Instantial terms, arbitrary objects, and context dependent quantifiers

The above discussion seems to bring about a trikenfiine supporter of the Principle has
to choose between taking ‘and ‘b’ as having the force of variables or that of prope
names designating particular objects. As made ckbmve, the first choice doesn’t
account for the distinctness of the two sphereBlatck’s world, whereas the second was

not available to her to begin with, because it pog®sed that the objects had already

® The only sense in which we have a disjunction enedirect, namely, that we can apply the disfiorc
rule toeachof the individuals that are in the range of thieitaary objectyviz. (AX)({x O yx)(x) =g Oi (¢i O
i), where (1, ..i, ..., n) is the range of.

11



been distinguished. Thirdly, the opponent of thaddple can appeal taa® and b’ as
names of primitively distinct objects, but then iseforced into paradox, because now
impure properties of the tygmeing at a distance fromaill be applicable to each object,
and will distinguish them, hence they won't be ptively distinct.

The solution is based on denying that the chommvéen variables and proper
names as interpretations for the termisand ‘b’ is a genuine dichotomy. There is a third
category that these terms can be taken to be, ganvbht Jeffrey King (1991) calls
‘instantial terms’. These are terms that in mathteseare used to designate an arbitrary
mathematical object (as in ‘Take an arbitrary prinuenbern’; n is the instantial term),
and in the logic of natural deduction are free afsles introduced by the rule of
existential instantiation (as in ‘There are somé tieings (XRx). Take one of them
(Ry). ..."; y is the instantial term) and eliminated by the rodauniversal generalization
(as in ‘Take an arbitrary personxjPlIt is tall (Tx). Hence, all persons are tally Py [
Ty)"; xis the instantial term).

However, it is not the syntax that is interestiaigout such terms, but their
semantics and the truth conditions associated thiir use. Fine (1983, 1985a, 1985b)
offers a theory of arbitrary objects as the dedmrad such instantial terms, offering,
among other things, individuation conditions foerttn whereas King (1991) argues that
they are disguised context dependent quantifieBQ); where the context encodes all
the relevant information for the properties of thetantial term within a derivational
structure. We need not enter all the details ofehmccounts, as for all our purposes they

will both give the very same verdicts, but focus t@ro important aspects. First, we

12



should point out that instantial terms have a gaitgrthat makes them unlike terms that
refer to a definite object, like, e.g., proper narde. But unlike variables, they are never
supposed to be bound by quantifiers. And, secomd tlais is most emphasized by King,
there are dependence relation between the semwaalii® of these terms and the
derivational context in which they figure.

The idea of context dependence is that truth séreience with an occurrence of
an instantial term is always evaluated in a deiova context, i.e. in a formal argument,
or in an argument using ordinary English. Let us as example offered by King (1991

246).

(F1)
premise (1) Every professor has a bad student.
premise (2) Every bad student hates each of hipttoéessors.
(3) Consider an arbitrary professor.
(4) By (1), the professdras a bad student.

(5) Consider the professor's bad student

(6) By (2), the studeritates the professor

(7) So every professor is hated by some student.

There are various dependence relations here. Aogptd King's CDQ-account, both

types the underlined terms, ‘the professor anck ‘dtudent’, are context dependent

quantifiers. Their force (existential or universda@pends on what propositions they were

13



derived from and what other propositions have kessumed. For instance, the force of
‘the professor’ in (4) is universal, as it is dexdvfrom (1) where the variable was bound
by a universal quantifier. The force of ‘the pr&ess bad student’ in (5) is existential, as
the clause ‘Consider ..." in (5) is dependent on @istential quantifier in (4), which in
turn depends on the existential quantifier apptedstudent’ in (1). Intuitively, having
already considered an arbitrary professor fromtla#l professors, we have thereby
considered that the professor has some bad stu8entonsidering that bad student is
going to preserve the quantificational force offsostudent’.

Similarly, their scopes relative to each otheraegvationally context dependent.
For instance, the scope of ‘the student’ in (6)vider relative to that of ‘the professor’.
Finally, the domains over which they range are afs@ dependence relation, as the
clause ‘Consider ... in (5) determines the domassociated with the subsequent
occurrences of ‘the student’.

Fine (1983) provides a similar story, based oneddpnt and independent
arbitrary objects, and offers individuation criteriindependent arbitrary objects are
identical iff they have the same range. Dependees aare identical iff they have the
same range, and depend on the same arbitrary slijettte same way. A useful analogy
here is with independent versus mutually exclugivents in statistics. For instance, the
lottery involves a number of random draws of ndtatanbers from a finite set, such that
after the first number is selected all subsequeaivsl depend on the previous choice in
the sense that the previous numbers are not isghany more. If after each draw the

number were put back in the pool, the draws woddndependent. Things are similar

14



with instantial terms if they stand for arbitraryjects. There are derivational contexts in
which two or more instantial terms are independandl there are such contexts in which
the reference of some depends on what choiceditfaay objects have already occurred
within the derivation. The above derivational stare, (F1), can be analyzed in terms of
dependent arbitrary objects just as in terms of €Dpie difference between King’'s and
Fine’s approach is that the former stresses désivaltcontext dependence as an essential
feature of instantial terms, whereas the lattertioaa this as more like a ‘side-effect’ of

his theory of arbitrary objects.

4. Back to thePrinciple

The above discussion is relevant to the debatetaheuPrinciple in the following way.
Taking @ and ‘b’ as instantial terms when inquiring about whetttex Principle has
counter-examples or not has a number of positiveseguences, for both the supporter
and the opponent of it.

Let us first consider the supporter. The evaluatbnhe Principle’s truth value
will involve instantial terms, and hence will esBally involve a context — a derivational
structure or any relevant discourse fragment witkimch the evaluation is undertaken.
The context will determine for each occurrenceunfhsterms their reference, considering
them as referring to arbitrary objects, or theiscgsated quantifier, under the CDQ
approach. The novel feature of the Principle is nlo@t we don’t need to include impure

properties, which essentially involve definite altge in the domain of quantification
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associated with the predicate variable in (Rlas they are controversial as far as their
potential threat to trivialize the Principle is canned. Instead, the domain will include
only pure properties, but some of these will be twha will call ‘instantial properties’,
i.e., the derivational context dependent propertiest the variables get by being
instantiated by the instantial terms, given a dgdron. Given this, the new principle will

explicitly mention derivational context:

(PIlL) O[OxOyOPOC (Pxin C =Py in C) O x=y]

The new principle states that necessarily &ndy are indiscernible in all derivational
contexts, then they are identical, or that no tlhings can possibly be indiscernible in all
derivational contexts. Indiscernibility in a deriaal context will involve, of course,
sameness of standard instrinsic and extrinsic Jpanaerties, but it will also involve, as
stated above, sameness of instantial propertieamersess of force, range, and relative
scope for the relevant instantial terms introduoecliminated during the derivational
processes involving quantified formulae. The noveit the approach is to introduce,
besides the standard (pure) properties that obpegtit have, the (pure) properties these
objects havguaobjects of reasoning.

The new principle seems true: if some objectsirmdestinguishable both in their
pure properties and in our reasoning about theen they are one and the same object.
Black’s universe, or any similarly symmetric uniser(e.g. with three spheres arranged as

an equilateral triangle), are not counter-exampbe$Pll) since there are derivational

16



contexts in which the instantial terms have différeslational properties relative to the
context. For instance, in the following derivatibnantext associated with the two-sphere

world:

(Cy)
(1) All spheres are at a distance from a sphepél Sx [1 Dxy & Sy). (hypothesis
(2) Consider an arbitrary spherezfS
(3) It is at a distance from a spheké Dzy & Sy).

(4) Consider the sphere that the arbitrary sphereasdatance fronSu & Dzu).

(5) Suppose its made of iron ().

) ...

Wherever the particular derivation may further e, we can already extract
information to the effect that the arbitrary objdlat is the reference of ‘it in (3) is
different from that which is the reference of it (5). Taking them as CDQs, the range
of zis all the spheres, whereas the range isfrestricted by the ‘consider..’ clause in (4),
so that it includes everything except the arbitrapperez. Such instantial properties,
therefore, make us able to distinguish the two mgshdt is important to note that any
relation or relational property will do as predmatby an arbitrary object when it comes
to distinguishing the objects via instantial prdpgey, except the relation of identity, or a
relational property involving identity. In that egghe substitutivity of identity will make

it the case that one can, and has to, use the swtamtial term when considering the

17



arbitrary object that stands in the identity r@ativith some previously selected arbitrary
object. So, for instance, if in the above derivadiocontext we replacéeing at a

distance from somethingith being identical to somethintghen we get:

(C2)
(1) All spheres are identical to a spher&x((ly Sx [ x =y & Sy). (hypothesik
(2) Consider an arbitrary spherezfS
(3) It is identical to a spherélifz=y & Sy).

(4) Consider the sphere that the arbitrary sphereeistichl to(Sz).

(5) Suppose its made of iron ().

6) ...

Clause (4) must be taken as a duplicate of clageaé the predicate ‘is identical to’
makes the substitutiorz’ ‘for ‘y’ in (3) legitimate given the substitutivity of idaty. On
the other hand, the relation loéing distinct fronstated in the hypothesis would make the
distinctness between the two arbitrary objectsidkivas it is already assumed in the
hypothesis, as a clause like ‘Consider the spheieis distinct from the arbitrary sphere’
would by itself, analytically, entail that a newstantial term has to be introduced, rather
than merely as a function of the context contairprgyious such clauses. But excluding
both the identity property and impure propertiesrfrsuch derivational context is a safe

way to keep the Principle safe from trivialization.
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So, taking the names for the two spheres as iti@sta@rms makes it possible in a
non-trivial way for the Principle not to be falgifl by Black’s world. Clauses of the type
‘Consider an arbitrary sphere’ are constituentsmainy derivational contexts that can
distinguish the two spheres. Black himself, at poat, considers such a clause, via his
characterA, but swiftly —too swiftly, indeed- rejects it; tipassage is this (Black 1952:

156):

“ A. (...) Consider one of the spheras,..

B. How can |, since there is no way of telling thapartAVhichone do you
want me to consider?

A. This is very foolish. | mean either of the twohepes, leaving you to
decide which one you wished to consider. If | weresay to you “Take any
book off the shelf” it would be foolish on your p&o reply “Which?”.

B. It's a poor analogy. | know how to take a book afshelf, but | don't
know how to identify one of two spheres supposebet@lone in space and so
symmetrically placed with respect to each othet tigither has any quality or

character that the other does not also have.”

The error here ifB’'s reasoning is to assume that the naaiart ‘Consider one of the
spheresag, ...” must be taken as a constant designating aitkefobject, instead of, quite
naturally, being taken as an instantial term destigg an indefinite object, or a CD®.

seems to be committed to the view that to considearbitrary sphere implies to consider
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a definite sphere, i.e., iB's words, to ‘know how to identify one of two sphst, by
which he means to select a sphere that has imelviduated beforehand. There is a
simple and intuitive argument why this is not cotraVhen in mathematical proofs we
are asked to consider a prime, all we are supptus&dow is the definition of a prime
number, i.e. the property that defines the clasgrhes. If knowledge of all definite
primes were required, then we would either neverabk to consider a prime, or
considering a prime would mean considering a nurttierwe know to be prime and can
distinguish it from all other primes. Both of thesjgtions is absurd. It obviously makes
sense to consider a prime, and the range of prim@such larger than the range of
numbers that are known to be primes and are knawhet distinguished from other
primes. Considering a prime is compatible with tbasidered prime never having been
thought about, as a definite number, by anyone&ltete known to be a prime.

Further evidence that it is definite objects tbladracteB assumes to be needed
when being asked to consider a sphere in Blackidowe apparent in the lest lines of the
part of the dialogue on this topic, when we usesahalogy of a mathematician who
thinks that the Axiom of Choice ensures one thétgho choose a definite object (Black

1952: 157):

“ A. All I am asking you to do is to think of one odwr spheres, no matter
which, so that | may go on to say something abdwenwou give me a chance.
B. You talk as if naming an object and then thinkatgut it were the easiest

thing in the world. But it isn’t so easy. Suppodgell you to name any spider
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in my garden: if you can catch one first or deserdne uniquely you can
name it easily enough. But you can’t pick one tettalone “name” it, by just
thinking. You remind me of the mathematicians whought that talking
about an Axiom of Choice would really allow them t¢boose a single

member of a collection when they had no criteribolmice”.

Again, it is clear from this passage that charaBtes thinking in terms of proper names
designating definite objects when asked to consaterrbitrary object. But this is not
what is required: all one needs is what has bedadcastantial terms, or temporary
constants (Patrick Suppes [1957] 1999: 81), or dymames (E. J. Lemmon 1961: 253),
which stand for either an arbitrary object, orthiét theory is not acceptaBldor a CDQ
or some similar item. What is important about thesenes is that they are used
temporarily in truth-preserving derivational stues, for the very purpose of ensuring
truth-preservation. Further, if what we have painteit in this section is right, then they
do also play a role in non-trivially discerning, their feature of context-dependence, the
relevant objects that they designate.

The appeal to instantial terms and, consequettily,introduction of instantial

properties as properties of objects in their rolesiasoning might seem somewhat ad hoc.

® The history of repulsion vis-a-vis arbitrary otifets long, indeed, probably starting with Berkédey
attack on abstract ideas. Nothing hinges in thgepan whether one accepts arbitrary objects gratiotve
require to be admitted is that proper names designeefinite objects are not at issue in the Blggle
universe, when it comes to evaluating the Principle

" Leaving aside that nothing like the Axiom of Cmiteeds to be assumed in the two sphere universe
(since the axiom is only required when the choatdssinfinite) in order to talk about an arbitraghere,
still, nothing beyond the kind of general knowledgmilar to what is involved in reasoning basedimat
axiom is required to be able to refer to any onthefthe spheres.
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It is true that since Max Black’s challenge thecdssion has been run in terms of how to
translate an ontological fact, like that of therging two distinct and perfectly alike
spheres in a symmetric universe, into a logicaglege where this fact would be
expressed without appeal to the relations of iderdind non-identity, but Leibniz
principle is not obviously about how we reason dbaljects, but rather about what
objects are. Hector-Neri Castafieda (1975), fomms, makes a distinction between the
ontological problem of individuation, which accardito him has to do with the internal
constitution of individuals, and the epistemologjigaoblem of individuation, which
inquires into the ways in which reasoners are dblesingle out individuals and
distinguish them from other individuals. Castafiegaint is that these two aspects of the
problem of individuation have been many times rogether as if they were the same,
and that they deserve separate discussion.

In response | would point out that the approaclihia paper is neither that of
confusing the two problems, nor that of considetimgm as completely separate issues.
Rather, the idea is to combine the two into a ceiepicture. Second, it is not claimed
that one should exclusively focus on properties thgects have in their role in reasoning,
but rather that such properties should be allowedne’s repertoire when it comes to
analyzing the relationships among objects in a dono& discourse, especially when
which objects has what name is the very issue toad@ressed. The idea is well
exemplified by the dynamic approach to semantmsjrfstance in Jeroen Groenendik,
Martin Stokhof and Frank Veltman (1996). Dynamimsatics has been put forward as

an alternative to standard truth-conditional semanh order to account for a notion of
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meaning, present in natural language discoursd, dbeaends on the dynamics of
discourse (dialogue, reasoning, story-telling,)etbat is on how informational states at
each moment of an ongoing discursive process ang b@dated and with what semantic
consequences. The meaning of a sentence in thiisgsist not its truth-conditions but the
change in informational states that an assertiothaf sentence can potentially bring
about. Variables are taken as anaphors, while digastcan bind variables beyond their
syntactic scope. What is relevant from the poinviefv of the present paper is that in
dynamic semantics there are two equally importgpeg of information: information

about the world and information about the discouéough information about the

discourse --for instance, about what has been lsefiore in a derivation-- appears in
some sense as less ‘real’, it is no less impottant genuine information about the world

when it comes to correctly accounting for sevesldtions among objecis the world

“Discourse information of this type looks more likebook-keeping device,
than like real information. Yet, it is a kind offarmation which is essential
for the interpretation of discourse, and sincel#t&er is an important source
of information about the world, discourse inforroatindirectly also provides
information about the world.” (Groenendijk, Stokhahd Veltman 1996:
183y

5. Back to the paradox

® Thanks to an anonymous referee for the objectimhtle suggestion regarding dynamic semantics.
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How is the opponent of the original Principle, ¢(Flto make use of this theory? One
thing to note is that she need not be an opponketiteonew Principle, (PJ), as the
thought behind the Black type universe as a caskffefrencesolo numerassumes that,
since the distinctness fact involving the spheres the one we get by instantiating y)
involves them as definite objects, the indiscefitybfact involving them (i.e. the one we
get by instantiatingx[y[JP Px = Py) must also involve them as definite objects, wasre
(PIl) involves arbitrary objects or CDQs in its antemetd(and definite objects as the
ones we get by instantiating its consequent). Mogortantly, the paradox we described
as marring the very attempt to formulate #udo numeradoctrine can now be avoided,
because (PJ) is compatible with the compossibility of multipdefinite objects and only
one arbitrary object or one CDQ , having the de&finbbjects in its range. Such a
compossibility is equivalent to there being distjinadependent possible derivational
contexts,Cz andC,, such that considering an arbitrary spher€irand one inC, picks
out the same arbitrary object, but might pick astidct definite objects.

To see that this is so, note that the arbitrafeaib or CDQs considered in such
distinct derivational contexts will function as spmendent from each other. Since for
independent arbitrary objects or CDQs the idemtiiterion is the sameness of their range,
if the two derivational contexts are duplicates Hrbitrary object picked out in each
context will be the very same, because duplicatera®nal contexts will have the same
domain of quantification and the same range foir thetential instantial terms. At the

same time, of course, the range of this arbitréjga or CDQ can contain any number of
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definite object. To exemplify, consider the follogitwo duplicate derivational contexts

involving Black’s universe:

Cs Cs4

1. There are two spheres made of iron. | 1. There are two spheres made of iron.

KOy X & Sy & IX & |y & x2y) Oy SX & Sy & IX & 1y & x2y)
2. Consider one of them.4S 2. Consider one of them. %
3. It is made of iron. @ 3. It is made of iron. @)
4. ... 4. ...

Here, although they are bearing different names,‘z. and ‘w', the arbitrary objects
picked out by the ‘Consider..” clause in the twoidional context are identical, because
they are independent of each other. But, of cowrsesidering an arbitrary sphereGa
and one inC4 does not tell us whether, if asked to think imrterof definite spheres, we
have picked out the very same definite sphere stindt such spheres. Still, the unique
arbitrary sphere that is considered in both costlats a range of two definite spheess,
hypothesilt is in this sense that the opponent of the ®RHs right in thinking that there
can be objects that are differestlo numerpnamely, the case in which we do not keep
the derivational context fixed as required by,PThis means that Rlis a principle that
should equally be acceptable to both the opponahttee supporter of Rll

The reason theolo numergaradox ensued was proposition (5), restated here:
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(5) [OP (Fa= Pb) & a# b] 0 - [(AX)(DbX)(a) =« (AX)(Dax)(b)]

This proposition does not mention any derivationahtext as required by RIfor

asserting the truth or otherwise of formulae contey ‘a’ and b’. If we hold fixed such a

context across the lines of comparison betweeandb in terms of the property abstracts

that are applied to them, then FH verified by the new proposition (5*):

(5%) [OPOC (Pain C= Poin C) & a # b] 0 ~[(AX)(Dbx)(a) =a (AX)(Dax)(b)]

If, on the other hand, we allow for variation inntext, then thesolo numerodoctrine

finds its place in paradox-free manner:

(SN)OPLCC; (PainCi=PhinCy) & a#b

This proposition is paradox-free because it dogsmply that theb-involving property

abstracts as applied # are nota-equivalent to thea-involving property abstracts as

applied tob. So, (5**) is false:

(5**) SN U = [(AX)(DbX)(a) =« (AX)(DaxX)(b)]

(5**) is false because it is not the case that propabstracts of the fornAx)(Dbx) and

(AX)(Dbx) apply toa andb, respectively, taken as definite objects, acra=s$vdtional
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contexts. They could only apply within the samev@gional context, but in that case, of
course, given our background theory underlying, Ble difference is naolo numero

To conclude, there is a way to understand theri@msethat objects can be
differentsolo numerdhat doesn’t lead to paradox — it is that two arendefinite objects
can have the very same pure properties, includastantial ones, given that they are
reasoned about in distinct derivational contexts.t@ other hand, there can be no two
definite objects that have the same pure properiietuding instantial ones, if these

objects are reasoned about within the same deshatcontext.

6. A final note: differ ence solo nomine?

In a brief note, Nicholas Rescher (1955) comesectoghe main idea behind the present

theory which underlies Rllwhen he writes:

“As a starting point we accept the statement thae‘principle of the identity of
indiscernibles may be taken to mean that if twoeotsy Q and Q are

numerically different then they are qualitativelifferent, they differ in some
mentionablerespect The word ‘mentionable’ deserves special scrutirty

contains the version of the principle which it fsetobject of this paper to
examine, for it establishes the role thiggcourseplays in the principle. From
this viewpoint the principle of the identity of iisdernibles is not ontological

(dealing with things that are or might be), narfortiori, physical (dealing with
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the natural phenomena of the world about us). Rathe contention which the

principle makes, in this interpretation siemantic(...)” (1955: 153)

Unfortunately, Rescher does not come to recognime rble context can play in
discerning objects, and does not develop his idsgid a general suggestion to the
effect that the Principle holds when the languagye@ich enough to contain uniquely

referring expressions for each distinct objectsmliomain of reference:

“In this interpretation principle of the identiof indiscernibles asserts that any
two objects in the intended domain of referencdanofjuage (i.e. a language)
which arein fact different can be distinguished that languagg(...).” (1955:

153) emphases as in the original

There are various problems with Rescher’s propedakh there isn't enough space here
to discuss, but one that is apparent might be pufolows. Rescher’s criterion for
evaluating the truth-value of the Principle willpdsd in Black type cases on purely
metalinguistic considerations. It won't appeal redcates like ‘is red’, or ‘is made of
iron’, etc., because these are assumed as beied Biboth objects, if shared by any. So
the relevant predicates will be metalinguisticthed kind: ‘is called ‘a’ in language’, or
even ‘is the denotation of ‘the sphere that is distance from the one that is called ‘a’ in

languagd.’ in languagel’.
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The problem with this approach is that now theaidédifferencesolo numerds
replaced with the possibility of differena®lo nomingi.e. objects differing solely in
name and not in properties. To see this point cdengivo languages, andL*, such that
the only difference between them is that the refege of namesa’ and ‘b’ are switched
between them. Now it is hard to make sense ofdba that each language by itself can
discern the two objects without assumptions abbt referential relation between
language and world. The two languagespameseindiscernible; there is no more sense in
asserting that the objects are distinguished ‘at tanguage’ — which one, we may ask?
The only way to even begin to discern them is teckhout the referential relations
between their terms and the domain, but that isshotved by Rescher’s assumption that
the Principle is ‘not ontological’, but only ‘sentan (actually, metalinguistic in the
relevant cases, i.e. the cases of potential co@ximples).

To round up the argument, our proposal does nad ttee problem a$olo nomine
difference. The new principle, BJlis both semantic, in some sense, and ontological,
another. It is semantic in that it essentially ives referential dependence relations
among temporary names, i.e. instantial terms, wighgiven derivational structure. But it
is also ontological in that these context-determiir@es for instantial terms are taken as
bona fide properties, i.e. instantial propertidghe objects in question. One can even go
further and analyze these instantial properties icontext in terms of relations to the
brain states of a reasoner when effecting the dgon that constitutes the context.
Further, as we have seen when discussing the waplte thesolo numeroparadox,

from the point of view of the properties of arbifrabjects or CDQs there are no distinct
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but indiscernible derivational contexts; when assgniwo distinct and duplicate such
contexts, i.eCz andC, above, we were led to accept a unique assignnfeatbdrary
objects or CDQs across them, because identity mfean the case of independent
arbitrary objects or CDQs entails their identityt{augh, of course, these arbitrary
objects or CDQs might have multiple definite obgeict their range). In sum, the question
‘which one is which?’ does not arise in the caseCgfand C4, as it does in that of
Rescher’s languagés andL, simply because the references and structural pgrepef

the relevant instantial terms do not vary acrosé sluplicate contexts.

7. Conclusion

Consequently, a good case can be made for thergrapproach to the Principle,
both in terms of its internal coherence, which besn the task to fulfill in this essay, and
in terms of potential application to special prabterelated to the Principle. Such special
problems include the recently debated issue of tmaccommodate a bundle theory of
objects with Black type universes, or whether fatgscribed by quantum mechanics are
in conflict with the Principle, thus falsifying &ven in of its modally weak forms, that of

it being true of the actual world. The present tigemight be able to deal with these
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issues, and might have various advantages ovextiaat approaches, but this task has to

be put aside for another occasfon.
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